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Abstract
In this article a comparative study of the renormalization of entanglement in one, two and three dimensional space
and its relation with quantum phase transition (QPT) near the critical point is presented by implementing the
Quantum Renormalization Group (QRG) technique. Adopting the Kadanoff’s block approach, numerical results for
the concurrence are obtained for the spin -1/2 XY model in all the spatial dimensions. The results show similar
qualitative behavior as we move from the lower to the higher dimensions in space but the number of iterations reduces
for achieving the QPT in the thermodynamic limit. We find that in the two dimensional and three dimensional spin
-1/2 XY model, maximum values of the concurrence reduce by the factor of 1/n (n = 2, 3) with reference to the
maximum value of one dimensional case. Moreover, we study the scaling behavior and the entanglement exponent.
We compare the results for one, two and three dimensional cases and illustrate how the system evolves near the critical
point.
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I. INTRODUCTION
Spin systems have the central importance, regarding the study of entanglement from the perspectives of quantum
information theory (QIT) and condense matter physics. Spin as a quantum bit is a miraculous entity which has a
pivotal role in the realization of quantum computers [1–4]. But the main problem arises when we try to analyse
the collective behavior of the infinitely large systems. Quantum renormalization group (QRG) method is an effective
technique in order to address such problems, i.e. analytically in one dimension [5–13] and numerically in higher
dimensions. In the past, different numerical techniques were used to study such systems [14, 15]. Because numerical
techniques are suitable to handle the computational complexity in finding the ground states, renormalized control
parameters, entanglement and critical properties in higher dimensions [16–18].
Many useful methods has been established for the study of strongly correlated quantum systems [19–22]. Among
these techniques, the density-matrix renormalization group method (DMRG) [23–25] is a reliable and precise numerical
technique for the analysis and understanding of the low energy properties of such systems in the real space [21]. The
DMRG method has been used to study the entanglement and the quantum phase transition from quantum information
entropy in Heisenberg spin systems [26]. The modified DMRG scheme in a quantum system is shown to preserve
the entanglement as compare to other numerical techniques [27]. Several computational methods were used to study
ground states and finite temperature properties of the spin systems [28, 29].
Kadanoff’s block approach exquisitely participates in the QRG scheme by dividing the entire lattice into independent
blocks whose Hamiltonian is diagnalized to obtain the lowest energy degenerate states which are further used for the
construction of the renormalized Hilbert space in the lower dimensions [30]. Recently, we extended the application
of Kadanoffs block approach from the one dimension to the two dimensional Hisenberg XY model [31] . From the
previous study[31], we realize that the symetrical extension to the three-dimensional spin system is quite possible
and is presented here. Where we developed the two-dimensional five-spins Kadanoff block from the one-dimensional
three-spins kadanoff block. In this study the progression from the two-dimensional five-spins Kadanoff block to the
three-dimensional seven-spins Kadanoff block is presented.
The study of quantum correlations in the spin systems through the QRG reflects both quantum information prop-
erties as well as critical properties of the system [5, 6, 10, 29, 31–33]. The ground-state spin entanglement in d-
dimensional bipartite lattice of the XXZ moel is studied [34], where bipartite concurrence shows similar qualitative
behavior. It reaches to maximum value at the critical point and it can be seen that this maximum value is smaller in
three dimensions as compared to its two-dimensional counterpart. Likewise scenario can be seen for the qualitative
and the quantitative behavior of the concurrence in the XY model, as we go from the lower to higher dimensions
[10, 31]. It is the monogamy that limits the entanglement shared among the number of neighbor sites [19]. Similarly,
the symmetry of the Hamiltonian predicts that the magnitude of the entanglement may further reduce in three di-
mensions due to increase in the interactions. Moreover, the monogamy is responsible for achieving the critical point
more rapidly, as less QRG iterations are required in higher dimensions [31]. This critical phenomenon is described by
the behavior of the ground state entanglement as the system size increases.
In the study presented here, a numerical approach is adopted for the RG evolution of the spin -1/2 XY model
for all the spatial dimensions. Symmetries of the system allow us to span the spin lattices via Kadanoff’s block
approach by considering three, five and seven spins in one, two and three-dimensions respectively (Fig. 1.), which is
necessary in the context of obtaining degenerate ground states for the XY model. In this way, the entire lattice is
comprised of blocks, where the each block interacts with all its nearest neighbors through the interblock interactions
(Fig. 2.). We compute the lowest energy eigenvalues of each Kadanoff block and construct the density matrix from
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FIG. 1: (Color online) Symmetric transformation of Kadanoff’s block for one (linear), two (square) and three dimensional (cubical)
spin lattices containing three, five and seven spins respectively.
 
FIG. 2: (Color online) View of one, two and three dimensional spin lattices spanned by the blocks each containing three, five
and seven spins respectively. Central spin of each block interacts with all the remaining spins located at the corner of that block,
representing block interactions whereas neighboring blocks interact via their corner spins, representing inter-block interactions.
the ground states of the system. We choose the geometric average of the bipartite concurrence as the entanglement
measure because each interblock spin-spin interaction can be seen as bipartite interaction (Fig. 2.). Here, it is
worth mentioning that the reduced density matrices for the different bipartite interblock spin-spin interactions in two
and three dimensions are exactly same which is the manifestation of the symmetries possessed by the model in all
dimensions. Quantitatively, it is found that for a given spatial dimension, the result obtained from the geometric
average of the bipartite concurrences of possible interblock spin-spin interactions is equal to the any of the single
bipartite concurrence. The evolution of the entanglement displays the comparative behavior in this study. Finally,
we discuss the scaling behavior by observing the absolute maximum value of the derivative of the concurrence and by
measuring the entanglement exponent which portray that how the system approaches critical point in all dimensions.
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II. QRG IMPLEMENTATION
The QRG technique is a method in which lattice size is reduced in each step of iteration and reaches a situation
where control parameters sustain the previous renormalized value. Thus the single block with renormalized coupling
constants represents an infinitely large system. The construction of this block is obtained by using well defined
Kadanoff’s block approach [35, 36]. We consider blocks of three, five and seven spins in one, two and three dimensions
respectively (Fig. 1.) to obtain the effective Hamiltonian which has similar structure as that of the original Hamil-
tonian. From the previous studies of the XY model [10, 11, 31], it is found that in the renormalization process, the
projection operator constructed from the degenerate ground states of the block works well for obtaining the effective
Hamiltonian in the renormalized Hilbert space of spin -1/2 particle. The degenerate ground eigenstates can only be
obtained if we consider the blocks containing odd number of spins in any spatial dimensions. In the construction of
Kadanoff’s block we make symmetrical transformation from the lower to higher dimensions with respect to the central
spin of the block, i.e., in two dimensions two nearest neighbors are added in y-direction while in three dimensions
further two nearest neighbors are added in the the z-direction to the central spin of the one-dimensional Kaddanoff’s
block (Fig. 1.).
The generalized form of the Hamiltonian in d-dimensions, for
∏
d
Nd, spins where Nd = N with d = 1, 2, 3 for one,
two and three dimensions respectively, can be represented by,
Hd =
J
4
d∏
p=1
Sp[
∑
q=x,y
(1 + γq)(c1σ
q
c1i,c2j,c3k
σqc1(i+1),c2j,c3k
+c2σ
q
c1i,c2j,c3k
σqc1i,c2(j+1),c3k + c3σ
q
c1i,c2j,c3k
σqc1i,c2j,c3(k+1))], (1)
Where, γx = γ, γy = −γ, Sp =
∑Nd
r=1 with r = i, j and k for p = 1, 2 and 3 respectively along with the constants
c1 = 1, c2 = (d − 1)/2((d−1)(d−2)/2) and c3 = (d − 1)(d − 2)/2. σx and σy are the Pauli spin matrices where as J
and γ represent the coupling strength and anisotropic parameter respectively. The sign of the coupling strength J
determines whether the model lies in antiferromagnetic or ferromagnetic regime. We use the positive value of J which
corresponds to antiferromagnetic case. However, the sign of j does not effect the results. The quantum fluctuations
are driven by the values of control parameter γ. Different values of γ reduce the model to different classes. i.e., at
γ = 1 the system is Ising, for γ = 0 it is XX and for all other values it is Ising universal class.
For renormalization process, we split the original Hamiltonian Hd in to two parts, the block H
B
d and the interblock
HBBd [5, 7, 8, 10, 11, 31]. The effective Hamiltonian H
eff
d is obtained from the pi
†Hdpi, where pi = |⇑〉
〈
φ10
∣∣+ |⇓〉 〈φ20∣∣
is the projection operator obtained by projecting the 2n (where n = 3, 5, 7 for one , two and three dimensions
respectively) dimensional degenerate ground states
∣∣φ10〉 and ∣∣φ20〉 of the block on spin-1/2 qubits |⇑〉 and |⇓〉 resulting
in a projection operator in 2-dimensional Hilbert space. Finally, we obtained the renormalized numerical values of
the coupling constant j′ and the anisotropy parameter γ′ from the effective Hamiltonian. Some numerical values of
γ for different RG steps in the real-space are given in TABLE.1. The solution for γ = γ′ can be found by plotting γ′
against γ for the first RG step iteration (Fig.3.), which shows that the model attains two different phases for γ → −1
or +1 referring to Ising like phase and γ → 0, to spin fluid phase suggesting that there lies a phase boundary between
these two phases. We can see from the plot (Fig.3.) that the phase boundary is more prominent in higher dimensions
even in the first RG iteration compared to the corresponding system in lower dimensions. Hence the model demands
less number of RG iterations in higher dimensions to reach at the critical point.
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TABLE I: A few values of the anisotropic parameter γ for 0th, 1st and 2nd order RG iterations in 1D, 2D and 3D spin-1/2
XY model.
0th Step RG iteration 1st Step RG iteration 2nd Step RG iteration
Initial γ 1D 2D 3D 1D 2D 3D 1D 2D 3D
-1.0 -1.0 -1.0 -1.0 -1.0 -1.0 -1.0 -1.0 -1.0 -1.0
-0.96 -0.96 -0.96 -0.96 -0.999983 -1.0 -1.0 -1.0 -1.0 -1.0
-0.76 -0.76 -0.76 -0.76 -0.994941 -1.0 -1.0 -1.0 -1.0 -1.0
-0.51 -0.51 -0.51 -0.51 -0.933916 -0.999898 -1.0 -0.99992 -1.0 -1.0
-0.26 -0.26 -0.26 -0.26 -0.663099 -0.989406 -0.999821 -0.983511 -1.0 -1.0
-0.01 -0.01 -0.01 -0.01 -0.029992 -0.109531 -0.225734 -0.0897608 -0.825471 -0.999508
0.04 0.04 0.04 0.04 0.11949 0.41218 0.717215 0.345383 0.999333 1.0
0.24 0.24 0.24 0.24 0.625703 0.984742 0.999678 0.975885 1.0 1.0
0.49 0.49 0.49 0.49 0.922891 0.999848 1.0 0.999871 1.0 1.0
0.74 0.74 0.74 0.74 0.993349 1.0 1.0 1.0 1.0 1.0
0.95 0.95 0.95 0.95 0.999966 1.0 1.0 1.0 1.0 1.0
1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
γ
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FIG. 3: (Color online) Comparative plot of γ′ against the anisotropic parameter γ for the 1st order RG iteration in one, two and
three dimensions, showing the phase variations between two phases corresponding to the values γ = 0 and ±1 which are obtained
from the solution for γ = γ′.
III. COMPARATIVE STUDY
To perform the comparative study of the XY -model in the real space by the QRG technique, we choose the
concurrence as the entanglement measure [37]. In one dimension, bipartite interblock spin-spin interaction exists
through out the spin chain, while in higher dimensions many bipartite interblock interactions are present. From this
perspective it may be appropriate to use the geometric average of the bipartite concurrences as a generalized criterion
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for the entanglement study. Further we find that the value of each bipartite concurrence for any particular iteration
is same and equal to the geometric average of the bipartite concurrences. Therefore, keeping in view this scenario,
we can use a single bipartite concurrence as the entanglement measure. The bipartite concurrence Cij for i
th and jth
nearest neighbor spins obtained from reduced density matrix ρij is given as
Cij = max[
√
λij,4 −
√
λij,3 −
√
λij,2 −
√
λij,1, 0], (2)
where λij,k for (k = 1, 2, 3, 4) are the eigenvalues of matrix ρij ρ˜ij with ρ˜ij = (σ
y
i ⊗ σyj ) ρ∗ij(σyi ⊗ σyj ) and λij,4 >
λij,3 > λij,2 > λ. The reduced density matrix ρij for the spins interaction i and j is constructed by taking the
marginal partial traces of the total density matrix ρ where, ρ =
∣∣φ10〉 〈φ10∣∣ is obtained from any of the degenerate
ground state of the Hamiltonian.
The numerical results of the concurrence Cij are plotted against the anisotropy parameter γ (Fig. 4.) for the
first three RG iterations of the spin-1/2 XY model in all dimensions. The concurrence shows similar qualitative
behavior but smaller in magnitude in higher dimensions as compare to lower dimensions. At γ = 0, the concurrence
attains maximum values which are 0.5, 0.25 and 0.167 in one, two and three dimensions respectively. We find that
the maximum value of concurrence decreases by the factor of 1/n (n = 2, 3) compared to the one-dimensional case.
It can be interpreted that the concurrence decreases with the increase in monogamy in the higher dimensions. In
all dimensions, in the final iteration the system reaches thermodynamic limit and the concurrence acquires two fixed
values, one non zero at the critical point (γ = 0) favoring long range disordered phase and the other at γ 6= 0, where
the concurrence is zero and the system corresponds to a dominant ordered phase. The phenomenon of phase transition
for the XY model in the real space can also be seen through the non analytic behavior of the concurrence where the
derivative of the concurrence shows the discontinuity at the critical point (Fig. 4.). Whereas the concurrence itself
remains continuous as the system size becomes infinitely large. Such phase transitions are named as the second-order
QPT.
The detail analysis of the entanglement as a resource for exploring the critical phenomenon in the one-dimensional
XY model has been done in Ref. [32, 38]. It was cojectured that the system is maximally entangled at the critical point
corresponding to the delocalized state, where the correlations exist on all length scales, in contrast to the situation
away from the critical point favoring the exponential decay of the correlations as a function of sites separation [39].
Our results depict similar behavior for the entanglement in the vicinity of the critical point even in all the spatial
dimensions. These numerical results of entanglement are also supported by the previous analytical results of 1D and
2D XY model [10, 31]. In Ref. [32, 38], the transverse Ising model was considered as a special case of the XY model
for anisotropy parameter γ = 1. In the limiting case of the transverse Ising model, where the effect of external field
is very small the value of entanglement approaches zero conforming to our result of Ising phase for γ = ±1. The
degenerate ground states at γ = 1 for XY model for the second step RG iteration are given in the appendix.
The emergence of singularity by the divergence of the derivative can be probed by investigating the scaling behavior
which relates maximum/minimum of the derivative of entanglement with the system size. From the comparative
plots (Fig. 5.), it is observed that in each dimension, the derivative of the concurrence shows linear behavior on the
logarithmic scale but the slope increases with increasing the dimensionality of the system. Which indicates that the
system diverges rapidly in higher dimensions. To analyze that how fast the system reaches the transition point, the
ln(γc − γm) is plotted against the ln(N) (Fig.6.). The value of the entanglement exponent θ can be found from the
relation γm = γc −N−θ, which are are 0.73, 1.48 and 1.60 for one, two and three dimensions respectively. It can be
seen that the entanglement exponent is highest in three dimensions, which corresponds to smaller correlation length,
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FIG. 4: (Color online) Evolution of the concurrence Cij (where i and j represents the nearest neighbor spins) figures (a),(b) and (c),
and its absolute derivative |dCij/dγ| figures (d), (e) and (f), against the anisotropic parameter γ for the zeroth (a) and (d), first (b)
and (e) and second (c) and (f) RG steps for the one (solid line), two (dash-dot line) and three-dimensional (dashed line) systems are
shown here. The concurrence shows the same qualitative behavior but its peak value reduces with the dimensionality of the system,
while the derivative of the concurrence diverges more rapidly.
supporting the idea that it reaches the thermodynamic limit rapidly and acquires phase transition in less number of
RG iterations. It is worth mentioning that the divergence of the derivative of the concurrence in the vicinity of the
quantum phase transition point was investigated in one-dimensional XY model with different lattice sizes in Ref. [32]
and with QRG technique in Ref. [10, 11, 31]. Complying to these studies, the entanglement in our study, also obeys
the scaling behavior near the critical point.
IV. CONCLUSIONS
The QRG in the real-space for the spin -1/2 XY model is achieved. We see that for the concurrence as the
entanglement measure, the system shows similar qualitative behavior in all dimensions, which is the manifestation
of the symmetric interactions present in the model. But the maximum value of the entanglement in two and three
dimensional XY model is decreased by the factor of 1/n, where n = 2, 3, with reference to the one-dimensional
case. The reduction in the peak value is due to the increase in the monogamy of the spins interactions. Our results
are consistent with the previous studies of the one and two-dimensional XY model. This study will be helpful in
understanding the behavior of the entanglement and the critical phenomenon for different types of complex spin
systems in real-space.
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VI. APPENDIX
The expression for degenerate ground state eigenvectors |φ(1)〉 and |φ(2)〉 of the 1D, 2D and 3D XY model at
γ = 1 corresponding to the Ising class are given below;
|φ1〉1D = −0.5| ↑↑↑〉+ 0.5| ↑↓↓〉 − 0.5| ↓↑↓〉+ 0.5| ↓↓↑〉
|φ2〉1D = −0.5| ↑↑↓〉+ 0.5| ↑↓↑〉 − 0.5| ↓↑↑〉+ 0.5| ↓↓↓〉
|φ1〉2D = −0.25| ↑↑↑↑↓〉 − 0.25| ↑↑↑↓↑〉 − 0.25| ↑↑↓↑↑〉 − 0.25| ↑↑↓↓↓〉 − 0.25| ↑↓↑↑↑〉 − 0.25| ↑↓↑↓↓〉 − 0.25| ↑↓↓↑↓〉 −
0.25| ↑↓↓↓↑〉+ 0.25| ↓↑↑↑↑〉+ 0.25| ↓↑↑↓↓〉+ 0.25| ↓↑↓↑↓〉+ 0.25| ↓↑↓↓↑〉+ 0.25| ↓↓↑↑↓〉+ 0.25| ↓↓↑↓↑〉+
0.25| ↓↓↓↑↑〉+ 0.25| ↓↓↓↓↓〉
|φ2〉2D = 0.25| ↑↑↑↑↑〉+ 0.25| ↑↑↑↓↓〉+ 0.25| ↑↑↓↑↓〉+ 0.25| ↑↑↓↓↑〉+ 0.25| ↑↓↑↑↓〉+ 0.25| ↑↓↑↓↑〉+ 0.25| ↑↓↓↑↑〉+
0.25| ↑↓↓↓↓〉 − 0.25| ↓↑↑↑↓〉 − 0.25| ↓↑↑↓↑〉 − 0.25| ↓↑↓↑↑〉 − 0.25| ↓↑↓↓↓〉 − 0.25| ↓↓↑↑↑〉 − 0.25| ↓↓↑↓↓〉 −
0.25| ↓↓↓↑↓〉 − 0.25| ↓↓↓↓↑〉
|φ1〉3D = 0.125| ↑↑↑↑↑↑↑〉+ 0.125| ↑↑↑↑↑↓↓〉+ 0.125| ↑↑↑↑↓↑↓〉+ 0.125| ↑↑↑↑↓↓↑〉+ 0.125| ↑↑↑↓↑↑↓〉+ 0.125| ↑↑↑↓↑↓↑〉+
0.125| ↑↑↑↓↓↑↑〉+ 0.125| ↑↑↑↓↓↓↓〉+ 0.125| ↑↑↓↑↑↑↓〉+ 0.125| ↑↑↓↑↑↓↑〉+ 0.125| ↑↑↓↑↓↑↑〉+ 0.125| ↑↑↓↑↓↓↓〉+
0.125| ↑↑↓↓↑↑↑〉+ 0.125| ↑↑↓↓↑↓↓〉+ 0.125| ↑↑↓↓↓↑↓〉+ 0.125| ↑↑↓↓↓↓↑〉+ 0.125| ↑↓↑↑↑↑↓〉+ 0.125| ↑↓↑↑↑↓↑〉+
0.125| ↑↓↑↑↓↑↑〉+ 0.125| ↑↓↑↑↓↓↓〉+ 0.125| ↑↓↑↓↑↑↑〉+ 0.125| ↑↓↑↓↑↓↓〉+ 0.125| ↑↓↑↓↓↑↓〉+ 0.125| ↑↓↑↓↓↓↑〉+
0.125| ↑↓↓↑↑↑↑〉+ 0.125| ↑↓↓↑↑↓↓〉+ 0.125| ↑↓↓↑↓↑↓〉+ 0.125| ↑↓↓↑↓↓↑〉+ 0.125| ↑↓↓↓↑↑↓〉+ 0.125| ↑↓↓↓↑↓↑〉+
0.125| ↑↓↓↓↓↑↑〉+ 0.125| ↑↓↓↓↓↓↓〉 − 0.125| ↓↑↑↑↑↑↓〉 − 0.125| ↓↑↑↑↑↓↑〉 − 0.125| ↓↑↑↑↓↑↑〉 − 0.125| ↓↑↑↑↓↓↓〉 −
0.125| ↓↑↑↓↑↑↑〉 − 0.125| ↓↑↑↓↑↓↓〉 − 0.125| ↓↑↑↓↓↑↓〉 − 0.125| ↓↑↑↓↓↓↑〉 − 0.125| ↓↑↓↑↑↑↑〉 − 0.125| ↓↑↓↑↑↓↓〉 −
0.125| ↓↑↓↑↓↑↓〉 − 0.125| ↓↑↓↑↓↓↑〉 − 0.125| ↓↑↓↓↑↑↓〉 − 0.125| ↓↑↓↓↑↓↑〉 − 0.125| ↓↑↓↓↓↑↑〉 − 0.125| ↓↑↓↓↓↓↓〉 −
0.125| ↓↓↑↑↑↑↑〉 − 0.125| ↓↓↑↑↑↓↓〉 − 0.125| ↓↓↑↑↓↑↓〉 − 0.125| ↓↓↑↑↓↓↑〉 − 0.125| ↓↓↑↓↑↑↓〉 − 0.125| ↓↓↑↓↑↓↑〉 −
0.125| ↓↓↑↓↓↑↑〉 − 0.125| ↓↓↑↓↓↓↓〉 − 0.125| ↓↓↓↑↑↑↓〉 − 0.125| ↓↓↓↑↑↓↑〉 − 0.125| ↓↓↓↑↓↑↑〉 − 0.125| ↓↓↓↑↓↓↓〉 −
0.125| ↓↓↓↓↑↑↑〉 − 0.125| ↓↓↓↓↑↓↓〉 − 0.125| ↓↓↓↓↓↑↓〉 − 0.125| ↓↓↓↓↓↓↑〉
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FIG. 7: Three dimensional plot showing the variation of the concurrence Cij with the control parameters γ and j for the 0
th order
RG step in the 3-D XY spin-1/2 model. The behavior of the concurrence shows that it is independent of the value of the coupling
parameter j.
|φ2〉3D = −0.125| ↑↑↑↑↑↑↓〉 − 0.125| ↑↑↑↑↑↓↑〉 − 0.125| ↑↑↑↑↓↑↑〉 − 0.125| ↑↑↑↑↓↓↓〉 − 0.125| ↑↑↑↓↑↑↑〉 − 0.125| ↑↑↑↓↑↓↓〉 −
0.125| ↑↑↑↓↓↑↓〉 − 0.125| ↑↑↑↓↓↓↑〉 − 0.125| ↑↑↓↑↑↑↑〉 − 0.125| ↑↑↓↑↑↓↓〉 − 0.125| ↑↑↓↑↓↑↓〉 − 0.125| ↑↑↓↑↓↓↑〉 −
0.125| ↑↑↓↓↑↑↓〉 − 0.125| ↑↑↓↓↑↓↑〉 − 0.125| ↑↑↓↓↓↑↑〉 − 0.125| ↑↑↓↓↓↓↓〉 − 0.125| ↑↓↑↑↑↑↑〉 − 0.125| ↑↓↑↑↑↓↓〉 −
0.125| ↑↓↑↑↓↑↓〉 − 0.125| ↑↓↑↑↓↓↑〉 − 0.125| ↑↓↑↓↑↑↓〉 − 0.125| ↑↓↑↓↑↓↑〉 − 0.125| ↑↓↑↓↓↑↑〉 − 0.125|| ↑↓↑↓↓↓↓〉 −
0.125| ↑↓↓↑↑↑↓〉 − 0.125| ↑↓↓↑↑↓↑〉 − 0.125| ↑↓↓↑↓↑↑〉 − 0.125| ↑↓↓↑↓↓↓〉 − 0.125| ↑↓↓↓↑↑↑〉 − 0.125| ↑↓↓↓↑↓↓〉 −
0.125| ↑↓↓↓↓↑↓〉 − 0.125| ↑↓↓↓↓↓↑〉+ 0.125| ↓↑↑↑↑↑↑〉+ 0.125| ↓↑↑↑↑↓↓〉+ 0.125| ↓↑↑↑↓↑↓〉+ 0.125| ↓↑↑↑↓↓↑〉+
0.125| ↓↑↑↓↑↑↓〉+ 0.125| ↓↑↑↓↑↓↑〉+ 0.125| ↓↑↑↓↓↑↑〉+ 0.125| ↓↑↑↓↓↓↓〉+ 0.125| ↓↑↓↑↑↑↓〉+ 0.125| ↓↑↓↑↑↓↑〉+
0.125| ↓↑↓↑↓↑↑〉+ 0.125| ↓↑↓↑↓↓↓〉+ 0.125| ↓↑↓↓↑↑↑〉+ 0.125| ↓↑↓↓↑↓↓〉+ 0.125| ↓↑↓↓↓↑↓〉+ 0.125| ↓↑↓↓↓↓↑〉+
0.125| ↓↓↑↑↑↑↓〉+ 0.125| ↓↓↑↑↑↓↑〉+ 0.125| ↓↓↑↑↓↑↑〉+ 0.125| ↓↓↑↑↓↓↓〉+ 0.125| ↓↓↑↓↑↑↑〉+ 0.125| ↓↓↑↓↑↓↓〉+
0.125| ↓↓↑↓↓↑↓〉+ 0.125| ↓↓↑↓↓↓↑〉+ 0.125| ↓↓↓↑↑↑↑〉+ 0.125| ↓↓↓↑↑↓↓〉+ 0.125| ↓↓↓↑↓↑↓〉+ 0.125| ↓↓↓↑↓↓↑〉+
0.125| ↓↓↓↓↑↑↓〉+ 0.125| ↓↓↓↓↑↓↑〉+ 0.125| ↓↓↓↓↓↑↑〉+ 0.125| ↓↓↓↓↓↓↓〉
Both the degenerate eigenvectors are normalized and orthogonal i.e., 〈φi|φj〉 = δij where δij is the Kronecker delta
function.
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